Dieke Diagram
• Experimentally determined energy levels of rare earth ions.
-Complied by Dieke, 1968 • Since the 4f energy levels of rare earth ions are not strongly dependent on crystal field, Dieke diagram provides a good qualitative description for the energy levels of rare earth ions in most solids.
Radiative Transitions
• Consider an electron making a transition between two states, i and f . The transition probability is given by Hamiltonian that induces the transition.
• The strongest transition is electric dipole (ED) transition (
the second largest is magnetic dipole (MD) (
, and the third is electric quadrupole (EQ) (
• The relative strengths of these three transitions are approximately ( ) 6 5 2 2 2 10 : 10 : 1 : : : :
where a o and µ B are Bohr radius and Bohr magneton, respectively.
• Therefore, when all transitions are allowed, ED process always dominates. However, the crystal symmetry produces many situations in which ED process is forbidden. In those cases, transitions occur mainly by MD or EQ processes.
Strength of Radiative Transition
• The strength of a transition is often represented by a dimensionless quantity called "oscillator strength", f.
-The term oscillator strength originated from the classical description of radiation due to oscillating dipole.
• Quantum mechanical definition of oscillator strength is • Because of the sign of ω fi , the oscillator strength, f, is positive for absorption and negative for emission process. However, in practice, the absolute value of ω fi is usually used for calculating f and thus f is always regarded as positive quantity.
• For an allowed electric dipole transition, the dipole matrix element, 
• For magnetic dipole transitions, the oscillator strength is similarly defined except that the electric dipole moment µ e is replaced by the magnetic dipole moment divided by speed of light, µ m /c.
• The oscillator strength is related to the spontaneous emission rate, A(ED), which is inverse of the radiative lifetime τ R .
-E loc /E is the local field correction term, which accounts for the difference between the macroscopic field and the actual field near the luminescence center.
-For crystals with high symmetry (e.g. cubic), • For λ o = 0.5 µm, n = 1.5 and f = 1 (allowed dipole transition), we obtain τ R ~ 10 -8 s.
• Although the theoretically estimated radiative lifetime for an allowed ED transition is ~10 ns, many luminescent ions in crystals exhibit much longer lifetimes on the order of µs or even ms.
• This indicates the oscillator strength is much smaller than unity.
• These transitions are due to either weakly allowed (or partially forbidden) ED process or MD (EQ) process.
• What makes a transition allowed or forbidden?
• Recall the transition probability is proportional to the square of the matrix element, i f µ . • Whether or not a transition is allowed and, if allowed, how strong it is depends on the value of this matrix element.
• When the matrix element is zero, the transition probability is zero thus the transition is forbidden.
• Since different processes involve different operators in the matrix element, having a zero matrix element for ED process does not mean all matrix elements are zero. They may have non-zero matrix elements for MD or EQ processes.
Wigner-Eckart Theorem
• In order to evaluate the matrix elements, we need to invoke the Wigner-Eckart theorem.
• Consider a matrix element between two states, γ Γ, and γ′ Γ′, , which belong to the row γ (γ′) of the irreducible representation Γ (Γ′).
• Also, suppose the operator X transforms according to the row γ of the irreducible representation Γ . To clearly specify this property, we denote the operator as ( ) γ Γ, X .
• The Wigner-Eckart theorem states
where l Γ is the dimensionality of Γ.
• Γ′ Γ Γ ) ( X is called the reduced matrix element.
-While we will not attempt to evaluate this quantity in this course, we nevertheless note that it is independent of γ, γ′, γ .
-Thus, if the reduced matrix element is evaluated once for particular values of Γ's and γ's, then we can find all other related matrix elements simply by looking up the tabulated values of the Clebsch-
.
Selection Rule
• Without evaluating the reduced matrix element, we can still find that the matrix element is zero when the Clebsch-Gordan coefficient is zero.
• The transition between two states whose irreducible representations and the row numbers result in zero Clebsch-Gordan coefficients is forbidden. -Selection rule.
• Although we can look up the extensively tabulated Clebsch-Gordan coefficients for the system of our interest, we can extract a general rule from the definition of Clebsch-Gordan coefficients.
• Recall from Class 9 that the direct-product representation Γ 1 × Γ 2 can be reduced to a sum of irreducible representations and the coefficients can be determined by using the usual reduction formula.
• Since Γ 1 × Γ 2 is reducible, the simple product functions, Instead, they can be expressed as a sum of the true basis functions.
The coefficients in this summation are Clebsch-Gordan coefficients. 
• Another way to look at this problem is using a transformation matrix.
The reduction of direct-product representation into a sum of irreducible representations means that we convert all matrices in the direct-product representation into a block-diagonal form. And each block (submatrix) is the matrix in the corresponding irreducible representation.
• This transformation process is done by a similarity transformation,
S
-1 AS, for all matrices in the direct-product representation.
-The row index for S , the unitary transformation matrix, is the direct-product representation, -The elements of S are, in fact, the Clebsch-Gordan coefficients.
• Suppose we construct a matrix A in the direct-product representation.
All elements are zero except the one corresponding to a particular basis function, 2 2 1 1 , , γ Γ γ Γ .
• The only non-zero element has a value of 1.
• The matrix A will look like: • Apply to A the same transformation S that was used to reduce other matrices into block-diagonal form.
• The similarity transformation by S will transform A into a blockdiagonal form just as it did to other matrices.
• The resulting matrix may have more than one non-zero elements and the exact form of the transformed matrix will depend on S.
